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TECHNICALNCYI’E3058
TRANSIENTTEMPERATUREDISTKU3UTIONSINSIMPLE
CONDUCTINGBODIESSTEADILYHEATEDTHROUGH
A L4MINARBOUNDARYLAYER
By HermonM.Parker
An analysisismadeofthetiansientheat-conductioneffectsin
threesimplesemi-infinitebodies:theflatinsulatedplate,theconical
shell,andtheslendersolidcone.Thebodiesareassumedtohavecon-
stantinitialtemperaturesand,at zerotime,tobegintomoveat a con-
stantspeedandzeroangleofattackthrougha homogeneousatmosphere.
Theheatinputistakenas thatthrougha laminsrboundarylayer.Radi-
ationheattransfersandtransversetemperaturegrsdientsareassumedto
be zero.
Theappropriateh at-conductionequationsaresolvedby an iteration
method,thezeroeth-ordertermsdescribingthesituationinthelimitof
small.time.Themethcxlispresentedandthesolutionsarecalculatedto
threeorderswhicharesufficientto givereasonablyaccurateresults
whentheforwardedgehasattainedone-halfthetotaltemperatureise
(nosehalf-risetime). Flight~ch numberandairpropertiesoccuras
parametersintheresult.Approximateexpressionsfortheextentofthe
conductionregionandnosehalf-risetimesasfunctionsofthepusm-
etersoftheproblemarepresented.
INTRODUCTION
Oneofthemajorproblemsarisinginsupersonicandhypersonic .
flightofaircraftisthatofaerodynamicheating.Itisapparenthat
themaximumfeasiblespeedfora givenaircraftata givenaltitudeis
limitedby thiseffect.Thisproblemhasbeenstudiedfrommanyvarying
pointsofview. Usually(refs.1 to3) theseinvestigationswerecon-
cernedwithdeterminingthetemperatureattainedat thesurfaceof a
givenbodyinsteadyflightorduringa givenflighthistoryofvariable
speedandperhapsvariablealtitude.ELttleattentionhasbeendevoted
to theeffectofheatconductionwithinthebodyon thetransienttemper-
aturedistributionf itssurface.Kaye(ref.2) consideredtheaero-
dynamicheatingofan infinite-aspect-ratio,8-percent-thick,solid-steel, /
. —. . —..— —---——
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symmetricaldouble-wedgewingof5.p-footchordinflightina homogeneous
atmosphereandacceleratingata constantratefromWch number1.4to
Machnuriber6.0. Us@ a “coarsenetwork”of integrationpoints,he
numericallyintegratedtheappropriatewo-dimensionalheat-conduction
equations,usingthebestavailableexperimentalvaluesof theheat-
transfercoefficient(ref.4) andneglectingradiationtransfers.He
concludedthat,exceptneartheleadingandtrailingedges,thechord-
wiseconductionisrelativelyunimportantbutthatthetransversetemper-
aturewadients,especiallyatmidchord,areof considerableimportance
inestimatingthetransientsurfacetemperaturedistribution.
Foractualaircraftinhigh-speedflight,themsximumrateofrise
oftemperatureoccursattheleadingedgeornose. Undertheassumptions
of zerointernalconduction,ofnoheattransferexcept hatthroughthe
boundarylayer,andof steadyflightbeginningat zerotimeina homo-
geneousatmosphere,thesurfacetemperatureapproachesthelocaladia-
baticwalltemperatureata ratewhichistheoretic- infiniteat zero
ReynoldsnumberanddecreaseswithincreasingReymol.dsnumber.With
internalconductionthesurfaceapproachesanequilibriumtemperature
distributionata ratewhichisfiniteeverywhereandisappreciably
differentfromthezero-conductionrateatthesmallerReynoldsnumbers.
Nonweiler(ref.3)hascalculatedtheequilibriumtemperaturesnearthe
leadingedgeoftheflatplateinsteadyflightby takingintoaccount.
conductionintheplate,heatinputthrougha laminarboundarylayer,
andlossofheatby radiationwiththeassumptionthatthedifference
betweenthelocalequilibriumtemperatureandtheadiabaticwall.temper-
atureislargeandconstant.
Thetemperaturelagduetoheatcapaci~andheatconductionpermits
aircrst%to exceedforshortthes thespeedforwhichthecorresponding
equilibriumtemperatureisthemaxhumpermissiblet mperatureofthe
body. Further,transientthermalstressesareimportantproblemsinthe
structuraldesignofhigh-speedaircraft.Thusitisimportanttodeter-
minequantitatinlytheeffectofheatconductiononthetransienttemper-
aturesneartheleadingedgeornoseofas generala classofbodiesand
flightconditionsaspossible.
‘Theproblemconsideredhereinisthatofdeterminingthetransient
effectofheatconductionparallelto theairstreamandwithincertain
simpleinfinitelylongbodiesinsteadyflightat zeroangleofattack
ina uniformatmosphere.Thebodiesconsideredaretheinsulatedflat
plate,theconicalshell,andtheslendersolidcone.Heattransfers
duetoradiationareneglected.Becausetheeffectofheatconduction
isimportantonlynesrtheleadingedgeornose,theusualexpressions
forheattransferthroughan incompressibleEminarboundarylayerare
used. Correctionsto theincompressibleheattiansferwhichdonot
alterthetemperatureandReynoldsnumberdependencemaybe includedin
theanalysis.Becausethekninarboundary-layerequationsdonotapply
— ———— — — —...
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exactlyat the
applicablefor
leadingedgeor
Reynoldsnuniber
greaterthantheorderof10.
nose,theresultsofthe
(basedondistancesfrom
analysisare
the
Temperatureswithinthebody
to thestreamdirectionareassumeduniform.
SYMBOLS
a
b
bc
leadingedge)
perpendicular
1/2
()
kb
conductionparame — u ~ec-1/2
‘ir’ %%
~>
o.331@J+/3 -1
constantforflatplate,
~%v ~ , sec
constantforslendersolidcone,
heat-transfer
heat-transfer
6’
1/3
0.33kgU% g,
%%’2
c speedof
% s“pecific
g geometry
sec-1
sound,ft/sec
heatofmaterialofbody
sin8factorforslendersolidcone, -
eL - Cos
h thiclmessofflatplateor conicalshell,ft
‘$ thermalconductivi~ofair,Btu/(see)(ft)(%)
kb thermalconductivi~ofmaterialofbody,Btu/(see)(ft)(%)
M Wch numberjustoutsideboundarylayer,u/c
n summationvariable
Pr Prandtlnumber
q rateofheattiansferthroughlsminarboundarylayeron flat
plate,Btu/(sec)(ft2) /
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R
R.
s
T
Taw
Ti
t
to
u
u
NACATN 3058
rateofheattransferthroughlaminarboundarylayeron
cone,
Reynolds
Reynolds
time
distance
qb,Btu/(soec)(ft2)
Uxnuniber, or ~T v
numberat rearof conductionregionatnosehalf-rise
variableon conicalsurface,measuredfromvertex,ft
temperatureofbody,%
adiabaticwalltemperature,%
initialtemperatureofbody,%
the, sec
nosehalf-risetime,sec
streamspeedjustoutsideboundarylsyer,fps
streamspeedinboundarylayer(Blasiusflat-platesolution),fps
.
T- Ti
K=
Taw - Ti
x distancevariableonflatplate,measuredfromleadingedge,ft
Y distanceperpendiculartowall(Blasiusflat-platesolution),ft
a dimensionless
P dimensionlesss
n dimensionless
timeparameter
distanceparameter
Rtransient-heat-conductionparameter,— ?In
~.
valueof q correspondingtorearboundaryofheat-conduction
region
—
% densi~ofmaterialofbody
—. —.
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e halfvertexangleofslendersolidcone
v kinematicviscosi~
Primeswitha symboldenotedifferentiationwithrespecto ~.
Subscripts:
5
x
s
b
~
the
atdistancex
atdistances
forbodymaterial
forgas(air)
METHODOFANALYSIS
RateofHeatTransfer
Forthesimplesemi-infinitebodiestobe consideredinthisanalysis,
effectof internalheatconductionparalleltothestreamdirection
issignificantonlyneartheleadingedgeornose. Therefore,it is
naturaltoassumefortheheattransferthoseexpressionsappropriateo
a laminarboundaryhyer. Thepresentanalysisisapplicableto cases
inwhichtheexpressionfortheheattransfertothebodyisof theform
q. = (Constant)‘aw- T .
G
or
T -T
~ = (Constant)aw
G
where x isthedistsncefromtheleadingedgeoftheflatplateand s
isthedistancealongtheconicalsurfacefromthevertexoftheconical
shellor theslendersolidcone.Thus,therealassumptionregardingthe
heatinputisthetemperatureanddistancedependence.Compressibili@
andnonuniform-surface-temperatureeffectswhichdonotalterthetemper-
atureanddistancedependencemsybe includedinthepresentanalysisby
suitiblechangesintheconstantofproportiona~ty.Forsimplici~the
usualexpressionfortheheattransferintheincompressibleisothermal
caseisassumed.
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Therateof
laminarboundary
heattransferthrougha
layerontheflatplate
unitareaofan incompressible
is
.
1/3 ‘=f - ~q = o.331f+r
@2
(1)
where ~ isbasedonthedistsmcex fromtheleadingedge.Equa-
tion(1)maybe derivedfromthefirstequationonpage626ofrefer-
ence5. HantzscheandWendt(ref.6)haveshownthatthelsminar
boundary-lsyerheattransferona coneis W timesthatontheflat
platewiththesamefree-streamconditionsjustoutsidetheboundary
layer.ThusitfolJowsthattherateofheattransferthroughunitarea
ofa laminarboundarylayerontheconeis
q-c=0.33@kg&c l/3 ‘aW-T =fiq&/2 (2)
where Rs isbasedonthedistances fromthevertexalongthesurface
ofthecone.Sinceno satisfactoryepresentativelengthexistsforthe
semi-infinite%odiestobe consideredintheanalysis,theReynoldsnum-
berischosenasa suitabledimensionlessdistanceparameter.
Theexpressions(1)and(2)arebasedontheassumptionthatthe
Blasiusflat-platesolutionforthelaminarboundarylayeris correct.
Inasmuchas itisknownthattheBlasiusolutionisnotcorrectatvery
lowReynoldsnunhers,anestimateoftheReynoldsnuder atwhichthe
Blaaiusolutionfailswasmadeby thefollowingcalculation:
TheBlasiusolutionwasusedto calculatetheterm v ?%—, which&2
was,neglectedintheNavier-Stokesquations,on thebasisthatitis
a%.small incomparisonwith v —. Withthecurvey(Rx) definedasthat
&’
#u #ucurveunderwhich v — isequalto or largerthan v — itwas&2 %2’
foundthat y(Rx) equalsthedisplacementthicknessat Rxs 5 and,
at Mge ~, Y(q) is approxhnate~prOpOrtiOMd. inverselyto the
——.
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squarerootof Rx. Thusa reasonableconclusionappearstobe thatthe
Blasiusolutionandthereforeequations(1)and(2)shouldnotbe in
seriouserrorforReynoldsnumberslargerthantheorderof10.
Equations(1)and(2)indicatethat,at theleadingedgeornose,
therateofheattransferbecomesMinite, which,of course,isphysi-
C~ impossible.Actually,at smallReynoldsnumberstheheattransfer
mustbe limitedby thefinitenessoftherandomolecularmotion,as
happensinfree-moleculeflows.Comparisonof theheattransferinthe
free-moleculeregimewithequation(1)leadstotheconclusionthatthe
maximumq occursata Reynoldsnmiberoftheorderof1/10of the
squareoftheMachnumber.Ontheotherhand,thefailureoftheBlasius
solutionat smallReynoldsnumbersissurelyrelatedtootherapproxi-
adu
mations,suchas theneglectof theterm v —. fianyevent,the&2
effectof internalconductionis importantovera rangeofReyno~snum-
bersverylsrgecomparedwith10,sothatthecorrectnessofequations(1)
and(2)forReynoldsnumberslessthan10 isnotofgreatimportance.
Theintegrabilityoftheheatinputassuresnomathematicaldifficulties
andno seriouserrorsevenatreasonablysmallReynoldsnumbers.
TheFlatPlate
Thegeneralthree-dimensionalheat-conductionequationis (ref.7):
where kb Isthethermalconductivitysmd Q(x,y,z)isa heat-generation
functionspecifyingtherateatwhichheatis createdperunitvolumeat
thepoint(x,y,z).Theproblemof theflatplateheatedthrougha bound-
EUYMer reducesto theone-dimensionaltime-dependentheat-conduction
problemwhentemperaturegradientsnormalto thestreamdirectionare
assumedtobe zero.Theheat-generationfu ctionbecomestherateof
heattransferperunitaxea q dividedby theplatethichessh which
isassumedtobe constant.Thus,thetemperatureof theflatplate
heatedfromonesideisgivenby
M $?l u#/3 Taw-T
%%~=%~+0”33kgvh Rxl/2
——.....—.- -———— —
———.—
—~—- ———--—-
.————– ——--— —
8or
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ix_=a2a%
at
A(1 - K)
~x2 + Rxl/2
where
b ‘g u P43=o.33—– —
P&bvh
T - Ti
K=
Taw - Ti
time
Boundaryandinitialconditionsare
theplatehasa uniformtemperature
andat lsrgevaluesofttie
%=0=0
(3)
chosenasfollows.At zero
Ti sothat
(4)
thesurfacetemperaturemustbe Taw,thatis,
A boundaryconditiononthetemperaturegradientat theleadingedge
maybe establishedasfollows.Assumethattheplateisofunitwidth.
Thenthefrontalareais1 x h, a finiteconstant.Theconditionofno
heattransferthroughthefrontalareathenrequiresthatthetemperature
gradientherebe zero,thatis,
(-)W .0aRxR~O
—. —.. .
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Theprocessoffindinga solutionofequation(3)proceedsas fol-
lows. At smallvaluesoftimea goodapproximation(zeroorder)to
equation(3)is’obtainedby puttingK equalto zerointhesecondterm
oftherightmember;thus,
~——
_.a2b% b
at &2+
x
~xl/2
Itcanbe verifiedthat
b 3/4 j?(~)K=—t
G
where
%
v =—
atl/2
satisfiesequation(7)providedF satisfies
(7)
(8)
(9)
Inorderto satisfytheboundaryand
finiteas V+CXJ and F’(0) must
initialconditions,F mustremain
equalzero.Eithera power-series
methcdornumericalintegrationfequation(9)willgivesucha solu-
tion.An iterationprocessmaybe usedforobtaininghigher-order
approximationstothesolutionofequation(3);forexample,thefirst-
orderapproximationisobtainedby substitutingthezero-orderapproxi-
mation(8)for K inthesecondtermoftherightmemberofequation(3).
An equivalentprocess,suggestedby theformofthezero-orderapproxi-
mation,istowritethesolutionofequation(3)intheform
K=s~nt3n/4 Fn(~)
()n=l ~
where
(10)
__. .—— — —
—- .—— -—— ——— --—
substituteequation(10)intoequation(3),collecterms,andequate
thecoefficientsof thepowersof b/@ to zero.Thissolutionispre-
sentedinappendixA,wheretheresultisshowntobe a setof ordinary
differentialequtionsforthefunctionsF. Theconvergenceofequa-
tion(10)forlsxgevaluesof T iseasilydemonstrable.me actil
resultsforthefirstthreetermsindicatethatequation(10)iscon-
vergentforsmallvaluesof q. Valuesof F whichpermitequation(10)
to~atisfyconditions(4)and-(6)may
way (seeappendixA). Thefunctions
be calculatedina straightforward
Fn havethelimitingvalues
(-1)=1
n! vn/2
and
Fn(TI+O)= Cn
wherethecoefficientsCn areconstantspositiveforodd n andnega-
tiveforeven n.
b thecaseof zeroconduction(a= O)thesolutionofequation(3)
whichsatisfiestheboundaryandinitialconditionsis
// 12
Km = 1 - e-bt‘x (I-1)
Eqmtion(n) isalsotheasymptoticsolutionofequation(3)withcon-
duction(a# O)inthelimitoflarge q and,therefore,correctlygives
thetemperatureatfinitevaluesof Rx andsufficientlysmallvaluesof
time.Thisresultisplausiblephysically,sinceat sufficientlysmall
valuesof timeandfiniterateofheattransfer(Rxfinite),conduction
effectshouldhaveaffectedthetemperaturesby a negligibleamount.
The13mitoflarge q alsocorrespondsto largeRx andfinitetime.
Therefore,equation(n) indicatesthattheeffectof conductionis
negligibleat sufficientlyargevaluesof Rx. ThefunctionsFl, F2,
and F3 asderivedina~endixA areplottedinfigure1 againstq.
Forcomparison,theasymptoticfunctions(zeroconduction)arealso
shown.Theseresultsindicatethatforvaluesof q largerthanabout.5
the Fn functionsarenegligiblydifferentfromtheirasymptoticvalues
andhenceequation(10)isnegligiblydifferentfromequation(lJ).
Therefore,for ~ > 5a@, theeffectof conduction thetemperatures
isnegligible.
.
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me solutionforsmallvaluesof q iS perhapsofmore
As ~ goesto zero,thevaluesof Fn becometheconstits
fore,thesolution(eq.10)at theleadingedge(Rx= O and
becomes
where
cl= 1.9285; C2= -2.05660; C3= 1.59250
At smallvaluesof time,thetemperatureof theleading
asthe3/4powerofthetime.A curveoftheform
IL
interest.
Cn. There-
q=o)
(w)
edgevaries
(13)
fitstheleading-edgesolution(12)insucha waythatexpandingequa-
tion(13)allowsthefirsttwotermsof equation(12)tobe givencor-
rectlyand C3= 1.6~ (0.79percentdifference).
ThefunctionsFl, F2,and F3 werecalculatedandareplottedin
figure1. Inordertopresentinstan-eoustemperaturedistributions
overtheflatplate,it isconvenienttodefinea dimensionlesstime
parameter
anda
These
dimensionless
~ .b+k
6
disticeparameter
b2/3R
P = a4/3x
parametersarerelatedto q inthefollowingmanner:
Figure2 showsthetemperaturedistributiontheplateata fewchosen
valuesof a obtainedby usingthefirstthreetermsof thesummationin
equation(10)0Theverticalmarksonthesecurvesindicatethecontribu-
tionfromthethirdterminthesummationand,to someextent,theaccu-
racy. Thefourthterminthesummationwouldgivea negativecontribution.
— ———.———— .—-.—z .. .——— . —.—
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TheConicalShell
Theheatconductionequationfortheconicalshell
thefollowingmanner.Theprincipleof conservationf
toa ringsectionof theconicalshellofthicbess ds
isderivedin
heatisapplied
paralleltothe
conicalsurface.Temperaturegradientsnormaltotheconicalsurfaceare
assumedtobe zero.Whentheshellisof constanthiclmessh andthe
axiallysymmetricalrateofheatinputperunitareathroughtheouter
conicalsurfaceisthevalueof qe giveninequation(2),thetemper-
atureoftheshellis
or
==a2(E?+=)+i%((14)
where s isthedistancealongtheconicalsurfacefromthevertexand
a2 ‘b $=— .
PbcbVP
b ‘g UP?W3=o.33—–—
~~vh
T - Ti
K=
Taw - Tf
Thefactthattheinitialtemperatureis Ti andthefinaltemper-
atureis Taw givestheboundaryconditions
&_o=o
and
q+m = 1
(15)
(16)
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Sincethefrontalareaoftheconicalshelliszero,thecondition
of zeroheattransferthroughthefrontalsurfacedoesnotleaddirectly
toa boundaryconditionon thetemperaturegradientat thenose.How-
ever,theconditionthat
K remainsfiniteforallvaluesof t and Rs (17)
(which,incidentally,is impliedinequations(17)and(16))isadequate
to selecta uniquesolution.It isinterestingtonotethatthesolution
selectedby condition(17)hasa zerotemperaturegradientat thenose.
Theassumptionthattheconical–shellthicknessh isconstantallthe
waytothevertexisan obviousmathematicalfictionforvaluesof s
lessthan h/tanf3where e istheconehalfangle.Thiserrorinthe
analysisoftheconicalshellis insucha directionas togivea rate
oftemperatureisethatislessthantheactual.value,thatis,too
largea correctiondueto theeffectofheatconduction.(Thisfact,
ptitlyat least,promptedtheanalysisof thenextsection.)
The
thatfor
where
The
Thenose
analysisof theconicalshell(appendixB) isverysimilarto
theflatplate.Thesolutioniswrittenas
zero-conduction
Rs
7 =—
atl/2
( rlarge~) solutionis
-fi~
I&= l-e s
solution(q= O)is
m f~n ~
%)%ose= —
t3n/4
n=l a
(18)
(19)
(20)
__—— .—_—.——
__— -—
——.————
-.
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wherethecoefficientsinthefirstthreetermsofthesu?mnationare
D1 = 1.15622
D2 = -0.69618
~ = 0.29080
Theexpression
f(~t3/’) =1 - (1+ o.@80,gt3/4)-24”@ (21)
fitsthenosesolution(eq.(20))almostperfectlyforthefirstthree
terms. Thefunctions~, G2,and ~ werecalculatedandplottedin
figure3.
Jkordertopresentinstantaneoustemperaturedistributionsover
theconicalshell,it isconvenienttodefinea dimensionlesstime
parameter
anda dimensionlessdistsmceparsmeter
Rb2/3#3
B=s
relatedto q by
Figure4 showsthetemperaturedistributionsobtainedwer theconical
shellfora fewchosenvaluesof a by usingthefirstthreetermsof
thesummationinequation(18).Theverticalmarksonthesecurves
indicatethecontributionsfromthethirdterm.
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TheSlenderSolidCone
Thetransientone-dimensionalheat-conductionproblemappliesalso
to thesolidconeinthelimitof smallconeangles.Theheat-conduction
equationisderivedby applyingtheprincipleof conservationfheatto
anelementofthesolidcone,whichisa sphericalshellwithcenterat
theconevertexofradiuss andthicknessds. Fortheaxiallysymmet-
ricalcase, ~ fromequation(2)istherateofheatinputperunitarea
throughtheconicalsurface.Temperature~adientstangentialto the
sphericalshellelementareassumedtobe zero.Theresultingequation
forthetemperatureof theslendersolidconeis
or
where
a2 ‘b $=— —
Pbcb‘VP
‘g 13R1/3bc= 0.33@——
~%vp g
sin0
g= 1- Cose
T- Ti
K=
Taw - Ti
and f3 is the halfvertexangleofthecone.
(22)
..——. .——_— _.._. .—..——. — -. —.—. .———.——— -–—
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and
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Sincetheinitialtemperatureis Ti andthefinaltemperatureis
thesolutionsofequation(22)mustsatisfytheconditions
~_=o (23)
(24)
andtheconditionthat:
K remainsfiniteforallvaluesof t and Rs (25)
Thecondition(25)specifiesa uniquesolutionwhichhasa gradientat
thenosevaryinginverselyas thesquarerootof Rs.
Tnesolutionisstraightforward(appendixC),andmaybewrittenas
where
Rs
~
=—
atl/2
Thezeroconduction(Largeq) solutionis
%
Thenosesolutionis
%nose
[/
-bctR~32
=1-e
(26)
(27)
(28)
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where
The
El = 1.95940
%= -2. 2c%96
~ = 1.91106
expression
‘(-%’1’4)“ -(’+0“2933&’’’(29)
fitsthefirsttwotermsofthesumnationof equation(28)andgivesthe
thirdtermwithin2.0percent.ThefunctionsHl, ~, and H3 were
calculatedandplottedinfigure9.
Inordertopresentinstantaneoustemperaturedistributionsoverthe
slendersolidcone,
eterby
anda dimensionless
it isconvenienttodefinea dimensionlesstimeparam-
.
bctl/4
a.
a3/2
distanceparameter
Rabc2
P =—
a4
relatedto ~ by
? =—02
Figure6 showsthetemperaturedistributionvertheslendersolidcone
fora fewchosenvaluesof a obtainedby usingthefirstthreeterms
ofthesummationinequation(26).Theverticalmsrkson thecurves
indicatethecontributionsfromthethirdtermofthissummation.
.. .. —- .— _ .—..—.. -—-- —.———-— —--—— —--- —--— -—--— -
m
.
NACATN3058
DISCUSSIONOFRESULTS
FYgures2,4, and6 presenthetemperaturedistributionsoverthe
flatplate,conicalshell,andslendersolidcone,respectively,asa
functionof theparametersu and ~. Onthebasisofexpressions(1)
and(2)fortheheattransferthroughthelaminarboundarylayer,u
and ~ areknownfunctionsoftheflowpropertiesoftheairandthe
variablesoftheproblemineachofthethreecases.However,sincein
eachofthecasesanalyzedtheflowissteadyjustoutsidetheboundary
layer,theonlyrealassumptionisthatthetemperature.andReynoldsnum-
berdependenceoftheheat-transferxpressionsi correct.
Generallyit isevidenthattheconductioneffectsareimportant
nearthenoseorleadingedge. Tnthemostforwardregionthetemper-
atureisalwayslowerthanthezero-conductiontemperature.Immediately
behindthisregionisa secondregion,forwhichtherearwardboundary
isnotwelldefinedandwherethetemperatureishigherthanthezero-
conductiontemperature.Theboundarybetweenthesetworegionsmoves
rearwardastimeincreases.Becauseof the R2 and R3 factorsinthe
masselements,thetemperaturesfortheconicalshellandfortheslender
solidconearenegligiblydifferentinthesecondregionfromthezero-
conductiontemperature.
.
Nonweiler(ref.3) calculatedtheequilibriumtemperatureof the
flatplateby takingintoaccountinternalconductionon theassumption
thattheheatlossby radiationisof suchimportancethattheequilibrium
temperatureisgreatlydifferentfromtheadiabaticwalltemperature.He
obtainedan equilibriumtemperaturedistributionwhichisquitesimilarto
theinstantaneousdistributionsoffigure2. However,Nonweiler’sresult
derivesfroma differentcause.A conductioneffectispresentinhis
time-independentcaseonlybecausetheadiabaticwalltemperatureisnever
reachedbecauseofradiationheattransfer,an effectomittedtithe
presentanalysis.Nevertheless,qualitatively,theeffectofheatcon-
ductioneartheleadingedgeis similarinthetwocases.
Fortheflatpkte andtheconicalshell.thetemperatureat the
leadingedgeornosevariesinitiallyasthe3/4powerof thetime,with
a coefficientwhichisnearlythesameforthetwo. Specifically,
FirstTermofFlat-PlateSolution c1
=— =—
FirstTermof Conical-ShellSolution@D1 l;@
Ifexpressions(13)and(21)areassumedtobe correctforthenose
temperatures,theratioofthetimerequiredfortheflat-plateleading
. .—___
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edgetoattain1/2of itstotaltemperatureise(nosehalf-risetime)
tothetimerequiredfortheconical-shellnosetoattain1/2of its
totalriseis1.0!3.Itmustbe noted,however,thattheassumptionof
a constanthickness.allthewaytothevertexof theshellresultsin
a calculatedrateofnosetemperatureiselessthantheactualvalue.
Thenosetemperatureof theslendersolidconevariesinitiallyas
the1/4powerof thetime. Sincethesolid-conesolutiondependsonthe
flowandthebodypropertiesina waydifferentfromthatinthecaseof
theflatplateandconicalshell,itisnotpossibleto comparethem
exceptforspecificsses.Theobviousandstrikingdifferenceis that
thetemperaturegradienti.sinfiniteat thenoseandthatthetempera-
turefallsoffmuchmorerapidlyforthesolidconethanfortheplate
andshell.
It isinterestingto estimatetheextentoftheforwardregionover
whichheatconductioneffectsaresignificant.Fortheflatplatethe
secondregion(temperaturehigherthanzero-conductiontemperature)is
Significsmt.Approximately,~ = 3.5 definestheextentof thecon-
ductionregion;thus:
Fortheflatplate:
p _% .3.570=—-—
~2/3 atl/2
Fortheconicalshellandtheslendersolidcone,thesecondregionis
notsignificant.Thepositionatwhichtheactualtemperatureequals
thezero-conductiontemperatureistakenasdefiningthesignificant
region.Approximately,thesepositionstare:
Fortheconicalshell:
!3 Rs1-1o=—=—=1.~
~2/3 atl/2
Fortheslendersolidcone:
___.. ..— .—— —
. ..— —
.. ——— — ——-–—
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SolvingthesedefiningcriteriaforReynoldsnumbergives:
Fortheflatplate:
1/2
()
h ; Mt1/2=
% = 3“5%%
9.3x ‘l&Mtl/2
Fortheconicalshell:
1/2
()
% 1/21/2=4.7 x’@ MtRs ;Mt
= l“n %%
Forthesolidslendercone:
~ 1/2
Rs
()
= 2.0— 1/2;Mt =
%Cb
5.3X d Mtl/2
wherethefinalexpressions(hereandsubsequently)arecalculatedfor
standardairandcopper.
~ the approximateexpressions(13), (21), and(29)fortheforward-
edgetemperaturesareused,valuesof a correspondingto thenosehalf-
risetimesare:
Flatplate:
ti 3/4
.L @+ = o.000337yta=
0“37 c
Conicalshell:
f??t3/4.0000613@ t3/4a=o.61=—
G“ h
Slendersolidcone:
bc
a#=o.37=_ #4 .
~3/2
o.0200gfi tl/4
—. —
.— —— —
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CcmibiningtheseresultsgivesfortheReynoldsnumberextentof
thesignificantregionatnosehalf-risetime:
Flatplate:
~4/3
(
2/3
-2/9oo37‘bc~ =
Rx ._(o.~@=fi ——-
)
9.66x107@/3h2/3
o ~2/3 0.33kgv
Conicalshell: ~
a4/3
( )
2/3
R =—(O.61)2/3=Pr-2/90“61%m =4.69x107 ~/3h2/3
‘o
~2/3 o.33@g v
Slendersolidcone:
~4
R = _(o.37)2=
()
0.37‘b* 1 2.42X 108
so bc2 O*336 G p#3g = gp
Thenosehalf-risetimesare:
Flatplate:
4/3a2~3 ~4/3
to = (0.37) —=
~4/3 1.09x 104 —~2/3
Conicalshell:
Slendersolidcone:
to = (0.37)4!31= 2.07x K?
~c4 g%?
_— ———
____.— — .——
.—. . .-———— —
--— -— ---— .—
22 NACATN 3058
Itisevidenthattheresultsdependuponthepropertiesof the
materialofwhichthebcdiesaremadeprimarilythroughtheconduction
psrametera. Theheat-transferparametersb and bc dependonthe
product~~, whichvariesonlyslightlyfromonemetaltoanother.
1/2
()
kb
However,thepsrametera isproportionalto — Fortheflat
%% “
plateandtheconicalshellthenosehalf-risetimevariesas the
1/3powerof kb andtheextentof theconductionregionvariesas the
2/3pOWerOf kb. Ontheotherhand,fortheslendersolidconethe
nosehalf-risetimevariesasthecubeof kb andtheextentofthe
conductionregionatnosehalf-risethe variesas thesquareof kb.
A seriouslimitationofthepresentanalysisresultsfromthe
assumptionofuniformtemperaturesinthebodiesh a directionperpen-
diculartothestreamdirection,especiallyinthecaseof theslender
solidcone.Undoubtedlythesolid-coner sultsarevalidonlyincases
ofrathersmallhalf-vertexangles.Thegeometryfactorg varies,for
sufficientlysmallvertexangles,as 2/0. Becauseofthestrongdepend-
enceonthefactorg,withconeanglesforwhichtheanalysisisreason-
ablycorrect,equilibriumconditionsew thevertexareattainedin
extremelyshorttimeintervals.Theerrorisnotsoseriousforthe
flatplateandthe’conicalshell,althoughasthethicknessh increases,
theerrorincreases.
Fortheflatplateandtheconicalshelltheextentofthesignifi-
cantregionandthenosehalf-risetimevaryonlyslightlywithWch
numberandthickness.ThedependenceoftheresultsuponMachnumber
andkinematicviscosi~alwaysoccursinthecombinationcM/v,sothat
at constantemperaturesimilarsituationsresultiftheMachnumberis
proportionaltohekinematicviscosi~.
No suitablexperimentaldataareavailableto checktheresultsof
thisanalysis.
COI?CIUSIONS
Theanslysisofthetransientheat-conductioneffectsforthesemi-
infinitelodiestheinsulatedflatplate,theconicalshell,andthe
slendersolidcone,subjectedto steadyflightconditionsbegimingat
zerotimeandwiththeonlyheattransferthatthrougha lsminarboumdary
. layer,showsthattheeffectisimportantonlyoverthemostforwardpor-
tionsofthebody. Forallthreebodies,theextentoftheconduction
—————
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.
regionincreaseswiththesquarerootof timeandlinearlywiththeMach
number.AllresultsdependuponMachnumberandfree-streamkinematic
viscosityas thequotientof thetwo,sothatsimilaresultsareobtained
whentheMachnumbervariesdirectlyas thekinematicviscosi&.
Fortheflatplateandconicalshell.intypicalflightconditions,
thetimerequiredforthenosetoattainonehalfthetotaltemperature
rise(nosehalf-risetime)isof theorderofa fractionofa minuteand
variesinverselyas the2/3powerof theJ@chnumber.Theextentof the
conductionregionatnosehalf-risetimeisoftheorderof inchesand
varieslinearlywiththeMachnuuiber.
Fortheslendersolidconethenosehalf-risetimeandextentof
conductionregionatnosehalf-risetimedependstronglyonthecone
halfangle.Withconessufficient~slenderthattheanalysisisreason-
ablycorrectandinthesameflightconditions,thenosehalf-risetime
andextentoftheconductionregionareone(ormore)orderofmagnitude
lessthanfortheplateandshell.
LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,
LangleyFieldjVs.,August13,1953.~
___ —— .— -—
---- --
——
—.—
_-_— —-. ..——.
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APPENDIXA
SOLUTIONOFFLAT-PIATEPROBLEM
Thesolutionofequation(3)
iswritteninequation as
coz(c)K= ~ n t3n/4Fn(rI)n.1 a
where
Substitutingequation(A2) into(Al)andequati~
thepowersof b/@ yields
3
“+~F’ --F =-~
‘12141 6
F1
“+~F2’ 3F =—
‘2 -52fi
1
. . . . . . . . ...0 l
Fn_l
Fn’’+;Fn’-~Fn=—
m \
(Al)
(&)
coefficientsof
(A3)
4T
T
.
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Theasymptotic(large ~) solutions forthe F functionsare
whichwhensubstitutedintoequation(A2)give
(zero-conductions lution):
IQ= l-e I.bt #2
Theordinarydifferentialequationsforthe F
theasymptoticsolution
(A4)
functionsmaybe solved
(A5)
insequence;F1 maybewrittenas thesumofa particularsolutionand
a power-serieshomogeneoussolution
[
4 3/2+c1 l+:7LL&4+...+Fl=-3q
1(-l)r+ld(l,l;r)q=+ . . .
wheretherecursionformulaforthecoefficientsi
d(l,l;rt.1)= 14r-31 d(l,l;r)
4(2r+ l)(2r+ 2)
ThequantityFIT(0)= O whichisrequiredbytheboundarycondition(6).
Proceedingwithsimilarsolutionsfor F2 and F3 yields
F2 23
[
4 3/2+
=-p+ cl;q
41’+3
d(2jl;l)~7/2- . .
1
.(-l)r+1d(2,1;r)qr+ . . . +
[
C2 1+ d(2,2;l)q2+d(2,2;2)q4-
d(2,2;3)~6+. . .(-l)rd(2,2;r)~~ 1+..
d
(A6)
-. .— ——— . ..———— .—— ——
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kd(l,l;r+l)+ ]4r- 31d(2,1;r)d(2,1;~l) =
(4r+ 7)(4r+ 5)
d(2,2;r+l)= 12r-31 d(2,2;r)
2(2r+ l)(2r+ 2)
and
[
8 ~9/2 + c 2 3 + d(3,1;l)V5-F =-—3 567 1 g~
d(3,1;2)~7+ . . 1.(-l)N%i(3,1;r)~~+3+ . . . +
r 11/27/2+ d(3,2;2)~ -4 3/2+ d(3,2;l)C2 ~v
L
4r+3
d(3,2;3 )715/2+ . . 1.(-l)rd(3,2;r)~2 + . . . +A
C3
[
1+ d(3,3; l)q2+ d(3,3;2)q4 + d(3,3;3)q6 -
d(3,3;4)q8 + . . 1.(-l)r+1d(3,3;r)q=+ . . .
2
where
4d(2,1;r+l)+ 14r- 31d(3,1;r)d(3,1;rs-1)=
4(2r+ 5)(2r+4)
4d(2,2;r+l)+ 14r- 61d(3,2;r)d(3,2;r+l’)=
(4r+ 7)(4r+ 5)
(A7)
d(3,3;r+l)= 14r-91 d(3j3;r)4(2r+ l)(2r+ 2)
..
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TheseriesexpansionsfortheF’s (thatis,equations(A5),(A6),
and(A7))maybe usedtoevaluatetheF’sjorthedifferentialequa-
tions(A3)maybe integratednumerically.Theseriesexpansionswere
usedforthecalculationpresentedherein.For n >3 theseries
methodprobablyinvolvesmorelaborbutcanyieldgreateraccuracy.b
eithercase,theboundarycondition(6)requiresthat
J?n’(o)= O
andtheconstantsCn
Fn(0)= Cn
mustbe determinedsothateach F hasitsproperasymptotic(largeq)
value,
Eachnew F involvesonenew C. Utilizingthefactthatat suf-
ficientlysmallvaluesof timethesolution(eq.(A2))reducesto one
termpermitsCl tobe calculatedanal@icalJy.
Themethodconsistsinconstructinga solutionoftheone-
dimensionalheat-conductionproblemforboundaryconditionsconsistent
withthepresentproblemat smallvaluesof timeandthenevaluatingthis
solutionat theleadingedgeof theplate.A well-downsolutionof
is
T*(x,t)=~ e-(x-g )2/4a2t
2a~
(A8)
(A9)
Thissolutioncorrespondsto an initialtemperaturedistributionwhich
iszeroeverywhereexceptat x = ~ andisinfiniteat x = ~ insuch
a waythat
J
+m
T*(x,0)c3x= 1
-w
_.— _—. —.—
..———.
——-——.—-— -—
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In otherwords,equation(A9)correspondstoan initialtemperature
distributiongivenby theDirac b function,5(x- ~). Theessenoe
of themethodistointerpretequation(A9)as thesolutioncorresponding
to injectinga unitquantityofheatat x = ~ at t = O.
Theconstructionfa solutionsatisfyingtheconditionsofthe
presentproblem(atsmald.time)proceedsasfollows.Inorderto insure
a
—=Oatx=
&
O,theinputismadesymmetricalbout x = 0:
1T(x,~,t)=—
[
e-(x-~)2/4a2t 1+e-(x+~)2/4a2t2afi (Ale)
Equation(AIO)correspondsto unitheatinputat t = O at x . ~
andx=
-E. Then
J[‘bT(x,t)=~ — 1e-(x-~)2/4a2t+e-(x+~)2/4a2tdg (All)2a~ 0 ~JZ
correspondstoputting~d~ unitsofheatperunittimeat t = O
C
into the intervald~ at ~. Then,iftheinputrateisassumedconstant
intimeforsufficientlysmalltimes,andis integratedovera smalltime t
theexpressionforthetemperatureat x andat a smalltime t is
obtained.At theleadingedge(x= O),equation(AU) reducestoan
expressionwhichcanbe evaluated
Integratingfirstwithrespecto ~ gives
(A13)
(A14)
NACATN 3058
and,finally,integratingwithrespecto t yields
b 3/4F(O,t)=Ft
Comparingequation(A15)withthefirst
(q= O)yields
ThecoefficientCl couldalsobe
29
(A15)
termofequation(A2)at x = O
I.9285
determinedby equatingtheheat
inputsinthecasesof conductiona dzeroconduction(atsmalltimes)
overa sufficientlyargeforwardportionof theplate.Thisprocedure
wouldresultinequatingtheintegralof equation(A5)at,say, 7=6.0
to theintegralof theasymptotic(zero-conduction)valueof F1 at the
same 7= Thevalueof Cl iS checkedby F1 approachingitsproper
asymptoticvalue.The Cn’s for n >1 aredeterminedby choosing
themsothatthecorrespondingFn’s havetheirproperasymptotic
values.
——... ————. --- - —
_——..
—— —.-..-————
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APPEND~B
SOLUTIONOFTHECONICAL-SEELLPROBLEM
Substitutingequation(18)
)K=~(~ n t3n/4Gn(q)
where
R~q=—
~tl/2
intoequation(14)
&
(
%~z a
—=
& aRs2
andequatingthecoefficients
q“ + (;+
(
1G2°+ ~+
+laK )+-@(l -K)——Rs &~ &/2
of thepowersof b/fi yields
. . . . . . . . . . . . . . . .
() 3n %-1Gn”+ ~+~~’-~Gn=— m 1
Theasymptotic(largeq) solutionsforthe G functionsare
Gn(~-~) = (-1)n+l
/1n2n.q
(Bl)
(B2)
(B3)
(B4)
.—
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(thesame,incidentally,asforthe F functions).Whentheasymptotic
valuesofthe G functions(eq.(~))arestistitutedintothesolu-
tion(Bl),theasymptotic(zero-conduction)solution(eq.(19))results.
Theboundarycondition(17)(K remainsfiniteforallvaluesof t
and Rs)requiresthat
Gn
Seriessolutions
remainsfiniteforalJvaluesof ~ and n (B5)
forthe G functionsatisfyingco~dition(B5)are
[
4 3/2+D1 ~+2n2_24Gl=-gq 16 lo24n+” . .(-l)H1d(l,l;r)~~ 1+..
(B6)
where
.
14r -31 d(l,l;r)d(l,l;~l) =
4(2r+2)2
Similar~,
G2
[
4 3 D 4 3/2+ d(2,1;l)~7/2-=-jjp+ 1 p
kr+~
d(2,1;2)#/2+ . . 1.(-l)H1d(2,1;r)~2 + . . . +
1+ d(2,2;l)q2+d(2,2;2)74 -
L-
1d(2,2;3)~6+. . .(-l)rd(2,2;r)q%+. . .
where
d(2,1;r)=
d(2j2;r)=
A
4d(ljljr)+14r- 71d(2,1;r-1)
la--51d(2,2;r-1)
8#
__— —— — .
.—. — —
..— -.—— .——
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_.~ q9/2+ I)l
[
.1)5 -k 3+ d(3~1,v
‘- 6561 ~1-1
d(3,1;2)q7+ . . 1.(-l)fi1d(3,1;r)T&+3 + . . . +
D2
[
4 3/2 + d(3,2; l)~7/2 + d(3,2;2)qU/2 -$~
4r+
+ 1d(3,2;3)@/2+ . . .(-l)rd(3,2;r)q + . . . +
J
~rl+d(3,3;l)n2 +d(3,3;2)n4 +d(3,3;3)76 -
1-
d(3,3;4)q8+. . 1.(-l)r+1d(3,3;r)q~+ . . .
where
d(3,1;r+l)=
d(3j2j~l)=
d(3,3;~l)=
4d(2,1;Nl)+ 14r- 31d(3,1;r)
h(a+ 5)2
4d(2,2;r+l)+14r- 61d(3,2;r)
(4r+ 7)2
j4r-91md(3,3;r)
4(2r+ 2)=
NostraightforwardnalyticmethodfordeterminingtheconstantD1
wasdevised.The D coefficientsweredeterminedby choosingthemso
thattheseriesexpressionsforthevaluesof ~ wereclosetotheir
asymptoticvalueat q = 4.5. Theseconstsntsappearinthenosesolu-
tion(x= O)since %(O) = ~.
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APPENDIXc
SOLUTIONOFTHESLENDER-SOLED-CONEPROBLEM
33
Substitutingequation(26)
where
Rs
l-l=—
atl/2
intoequation(22)
==a2(3+:=) +%(1-K)
andequatingthecoefficientsofthepowersof bc/a3/2yields
:
‘1”+ (%+ 2)H1’- $Hl ‘-*
HI
H2°+ (:+ $2’ -~H2=—
~3/2
. . . . . . . . . . . . ..0.
Hn-l
~“+(~+&:%=*
Theasymptoticsolutionsforthe H functionsare
(cl)
(C2)
(5)
(C4)
.—~ _ . -----—- -- .—. —. ——. —.
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Whenthe asymptoticvalues of the H’s (eq. (Ck)) are substituted
into thesolution(Cl)jthe
results.
Theboundarycondition
and R~)requiresthatnone
Theseriessolutionfor 31
where
d(l,l;2)q4+
d(l,l;r+l)=
Theseries olutionfor
1-
asymptotic(zero-conduction)solution(27)
(25) (K re~im fmte for au values of t
of the H functions diverge as q ~ O.
satisfying this boundarycondition is
[
1+ d(l,l;l)~2-
. . 1.(-l)r+ld(l,l;r)~&+ . . .
14r -11 d(l,l;r)
4(2r+ 2)(2r+3)
H.2is
14 1/2+-d(2,1;l)@2 -% =-~q+E1 ~~
d(2,1;2)q9/2+ . 1..(-l)r+1d(2,1;r)~~+ . . . +
E2
where
J
1
1+ d(2,2;l)~2-d(2,2;2)~4+. , l)r+1d(2,2;r)~~+ . . .
d(2,1;r+l)= kd(l,l;r+l)+ lkr- lld(2,1;r)
(hr+ 5)(4r+ 7)
d(2,2;r+l)= 12r- 1] d(2j2;r)
2(2r+ 2)(2r+3)
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.
‘.
T@?resultfor H3 is
[
=.1 3/2+E12q+d(3,1;l)v3-
‘3 45v 7
. ..
d(3)lj2)~5+ . . 1.(-l)r+1d(3,1;r)~a+1+ . . . +
r
4 1/2+ d(3,2;l)~5/2-E2 5V
L
4r+l
1
d(3,2;2)~9/2+ . . .(-l)r+1d(3,2;r)q~ + . . . +
J
%[
1
1+ d(3,3;l)~2- d(3,3;2)q4+. . .(-l)r+~(3,3;r)~~+. . .
where
4d(2,1;r+l)+14r-d(3,1;r+l)= dd(3,1;r)
4(2r+ 3)(2r+4)
4d(2,2;r+l)+i4r- 21d(3,2;r)d(3,2;r+l)=
(4r+ 5)(4r+ 7)
d(3,3;r+l)= 14r-31 d(3~3;r)4(2r+ 2)(2r+ 3)
As ~ ~ O,the H functionstakethevalues
~ = ~ which,
whensubstitutedintothesolution(26),givesthenosesolution(28).
Theconstsmts~ (upto E3)weredeterminedby choosingthemsothat
theseriesexpressionsforthe H functionswereclosetotheirasymp-
toticvaluesat q = 4.5.
— ..———
——
—— .—. ..— —.— —
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